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The fermion doubling theorem plays a pivotal role in Hermitian topological materials. It states, for
example, that Weyl points must come in pairs in three-dimensional semimetals. Here, we present an
extension of the doubling theorem to non-Hermitian lattice Hamiltonians. We focus on two-dimensional
non-Hermitian systems without any symmetry constraints, which can host two different types of
topological point nodes, namely, (i) Fermi points and (ii) exceptional points. We show that these two
types of protected point nodes obey doubling theorems, which require that the point nodes come in pairs.
To prove the doubling theorem for exceptional points, we introduce a generalized winding number
invariant, which we call the “discriminant number.” Importantly, this invariant is applicable to any two-
dimensional non-Hermitian Hamiltonian with exceptional points of arbitrary order and, moreover, can also
be used to characterize nondefective degeneracy points. Furthermore, we show that a surface of a three-
dimensional system can violate the non-Hermitian doubling theorems, which implies unusual bulk physics.
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Introduction.—Fermion doubling theorems [1-3] are an
important concept in the topological band theory of
condensed matter physics [4—7]. They state that topological
point nodes in the energy spectrum of lattice Hamiltonians
must come in pairs. Thereby they prevent the occurrence of
quantum anomalies in lattices. This is because, for a single
point node, the low-energy physics is described by a field
theory with a quantum anomaly, while for two point nodes
the anomalies cancel. Well-known examples of doubled
point nodes include the two Dirac points of graphene [8]
and the two Weyl points of magnetic Weyl semimetals
[6,9]. While the doubling theorems must be fulfilled in
the bulk of any lattice Hamiltonian, they may be violated
on a lattice surface. For example, the topological insulator
with time-reversal symmetry exhibits a single Dirac point
with parity anomaly on its surface [10]. These anomalous
surface states lead to unusual physical responses and
give a powerful diagnostic of the nontrivial bulk top-
ology [11,12].

Recently, topological band theory has been extended to
non-Hermitian Hamiltonians [13-64], which can be real-
ized in, e.g., photonic cavity arrays [65—-68], and provide
effective descriptions of open quantum systems [15-20,
38,69,70], where energy is not conserved due to, e.g.,
dissipation or particle gain and loss. In contrast to the
Hermitian case, two-dimensional (2D) non-Hermitian
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Hamiltonians can exhibit three different types of point
nodes, namely (i) Fermi points (FPs), (i) exceptional points
(EPs), and (iii) nondefective degeneracy points (NDPs).
Both at an EP and a NDP two (or more) energy bands
become degenerate at a degeneracy point (DP). However, at
an EP the corresponding eigenstates coalesce [71] (become
identical), while at a NDP the eigenstates remain distinct.
For this reason, non-Hermitian Hamiltonians at EPs are
nondiagonalizable and can only be reduced to Jordan block
forms [71]. In the absence of symmetry, both FPs and EPs
can be topologically stable in 2D, meaning that these point
nodes cannot be removed by perturbations [30,34,45,50].

The physics of EPs has recently attracted attention
[33,72-97], in particular, in the context of photonic plat-
forms, where they have many interesting applications, for
example, as optical omnipolarizers [98] or as sensors with
enhanced sensitivity [77,87]. While the occurrence and
stability of FPs and EPs have been studied in various
settings, the existence of doubling theorems for these
topological point nodes remains unknown. In this Letter,
we derive doubling theorems for FPs and EPs in 2D
periodic lattice Hamiltonians without any symmetry con-
straints. For that purpose, we consider a non-Hermitian
Hamiltonian (k) possessing well-separated complex
energy bands [30,34], except for some possible DPs, which
are either EPs or NDPs. The proof of the doubling theorems
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relies on the fact that topological points carry nonzero
topological charges, whose sum must vanish in the entire
Brillouin zone (BZ) [1-3] due to its periodicity, i.e.,

> Ck;) =0,

k;eBZ

(1)

where C(k;) is the topological charge of a topological point
located at k; in the BZ. Particularly, for 2D non-Hermitian
systems, topological points can be FPs or EPs. The charges
C(k;) are defined in terms of an integral of some topological
charge density, along a closed contour that counterclockwise
encircles the FP or EP. Equation (1) then follows by
continuously deforming the integration contours to the
boundary of the BZ. We find that for FPs the appropriate
charge density is the logarithmic derivative of det[u — H(k)],
while for EPs it is the logarithmic derivative of the
discriminant of H(k) with respect to the energy E. We
demonstrate by several examples that EPs do not need to be
branch point singularities, contrary to previous reports [19].
Finally, we show that the doubling theorems can be violated
at surfaces in 3D systems, which implies unusual properties
of the bulk bands. In particular, inversion-symmetric or
reflection-symmetric systems can host single FPs or EPs on
their surfaces, which, however, must be accompanied by
Fermi lines or exceptional lines in the bulk.

Doubling theorem for FPs.—We start with the doubling
theorem for FPs of generic 2D non-Hermitian Hamiltonians
H(k) with complex energy bands E;(k). The FPs of H(k)
are defined as those points k7. in the BZ, where the complex
chemical potential y intersects with one of the energy bands
E;(k), i.e., u—E;(kl:) =0 for some i. By choosing a
proper basis, each entry of H(k) is single valued in the
entire BZ. The location of the FPs can then be obtained
from the characteristic polynomial of H (k)

full) = detlu = (k) = [ [l - ER). )

That is, the FPs are located at those kJ. where f u (k}) = 0.
Since f,(k) is a complex function, this gives the two

conditions [Ref,(k};) = 0 and Imf,(k};) = 0], whose sol-
utions yield two line loops in the 2D BZ, see Fig. 1(al). The
crossings of these two loops give the positions of the FPs.
Pictorially, we can see that the two loops must cross each
other an even number of times, thereby suggesting a
doubling theorem for FPs [99]. Moreover, we observe
from Fig. 1(a2) that small perturbations only shift the paths
of the loops, but do not remove the FPs.

These observations can be made more precise using the
mathematical formalism of topological invariants. For this
purpose we define the global winding number invariant [44]

]g(zdfl

where the integration path I'(k%) is a loop encircling k%
counterclockwise, as shown in Fig. 1(bl). Since f,(k) is
single valued in the entire BZ, the winding number W (k7,) is
quantized to an integer, which endows the FP at k7. with a
topological charge. If the winding number is nonzero, the
integration path I'(k}.) in Eq. (3) cannot be smoothly shrunk
to a single point, due to the presence of a singularity at the
FP. This guarantees the topological stability of the FP and
protects it against gap opening, even in the presence of
perturbations. To derive the doubling theorem for FPs, we
sum over the winding numbers of all FPs in the BZ

i

2

J

W(k};) = dk -Vinf,(k), (3)
)

S W) = o

kj.€BZ

f dk-Vilnf,(k) =0. (4)

Jo

The above sum must vanish, because the integration paths of
Eq. (3) can be continuously deformed to the BZ boundary
OBZ, as the FPs are the only singularities in the integrand
[see Fig. 1(b)]. Hence, each FP with a positive topological
charge must be accompanied by a FP with negative
topological charge. This proves the doubling theorem (1)
for FPs in 2D non-Hermitian systems.

An example of doubled FPs.—We use an example to
demonstrate the topological properties of the FPs by
studying a two-band Hamiltonian, given by
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FIG. 1.

(a) In the 2D BZ, Fermi points (black points) are located at the crossings of the red line [Ref, (k) = 0] and the blue line

[Imf, (k) = 0]. The gray arrows display the orientation of the vector field [Ref, (k),Imf, (k)]. (a2) Shows that a small perturbation does
not destroy the Fermi points. (b) The integration paths I'(k}.) (b1) of Eq. (3) [or Eq. (7)] can be continuously deformed to the boundary of
the BZ (b3), without passing through any singular point (b2). The blue (red) dots represent Fermi points, or degeneracy points, with
positive (negative) topological charge. (c) The absolute value of the complex energy bands |E(k)| (red and blue surfaces) and vector field
of the characteristic polynomial [Ref, (k),Imf, (k)] (gray arrows) for the two-band model (5). The black and green points are Fermi
points and exceptional points, respectively. The black arc represents the branch cut that connects the two exceptional points.
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H(k) = hy(k)og + h(k) - o, (5)

where hy(k) = Lsinky, h,(k) = sink, — i, h,(k) = sink,,
and h,(k) = cos k, + cos k, — 2. With chemical potential
u=+/3/4, this example has two FPs located at
kr = (0,-0.4797) and k; = (0, /3) with winding num-
bers W(kE) =F 1, such that the doubling theorem is
satisfied [Fig. 1(c)]. The energy spectrum of H (k) is given
by E. (k) = (S),/Z) + \/5 _4(cx + Cy) T Cxpy T Croy— 2isy,
where ¢/, = cosk,/,, s, =sink,,, and c., =
cos(k, £ k). This spectrum is multivalued and exhibits
a branch cut that is terminated by two EPs, located at
(0, +7/3) with energies E—pu =0 and E —pu = —/3/2,
respectively. The fact that one of the EPs coincides with
one of the FPs is purely accidental. In general, EPs
and FPs of generic non-Hermitian Hamiltonians are at
different positions.

Discriminant and DPs.—Next, we turn to DPs of generic
non-Hermitian Hamiltonians and explain how they can be
found in an efficient manner using the discriminant of the
characteristic polynomial f (k). Here, fz(k) is defined as
in Eq. (2), but the chemical potential y is replaced by the
energy E. A DP occurs at kj, when E;(kp) = E;(kp) for
some i # j. Hence, the polynomial f(k) must have a
double (or multiple) root at k. Moreover, the discriminant
of fr(k), which is defined as

Disc[H](k) = [ [[Ei(k) - E;(k)P, (6)

i<j

must vanish at kp; i.e., there is a DP at kp, if and only if
Discg[H](kp) = 0. Apparently, the DPs are computed
more efficiently from the zeros of the discriminant, rather
than by explicitly calculating all roots of fz(k). This is
because the discriminant can be computed directly from the
determinant of the Sylvester matrix of fz(k) and Ogf(k),
see Supplemental Material [100]. Hence, determining the
zeros of Discg[H](k) is an efficient way to find all DPs in
the entire BZ at any energy [101].

The discriminant has the additional advantage of being
single valued, since the coefficients of fz(k) are single
valued [102]. This property is key to define a quantized
invariant in terms of Discz[H](k) and to prove the doubling
theorem of DPs. Before doing so, let us first give an
illustrative argument for why DPs must satisfy a doubling
theorem. We note that zeros of the discriminant must
satisfy the two constraints Re[Discg[H](k)] =0 and
Im[Discg[H](k)] = 0. The solutions to these two equations
are two line loops in the 2D BZ, whose crossings give the
positions of the DPs. Since two loops in a periodic BZ
generally cross each other an even number of times, DPs
must come in pairs and satisfy a doubling theorem [103].

Finally, we remark that, in the absence of extra sym-
metries, DPs have, in general, only twofold degeneracy.

That is, any DP with higher degeneracy can be split into
multiple twofold degenerate DPs by an infinitesimally
small perturbation [100]. For this reason we focus only
on twofold degenerate DPs.

Doubling theorem for DPs.—The invariant that charac-
terizes the topology of DPs, which can be EPs or NDPs, is
given in terms of a contour integral over the discriminant

Vi) = - ]{ dk -V In Disc,[H](k),  (7)
27 Jr))

where ['(kl,) is a loop counterclockwise encircling the DP
atk',. Since Discg[H] (k) is single valued, this invariant is a
quantized winding number, which we call the discriminant
number. The mathematical structure is almost identical to
the winding number (3) characterizing FPs. The only
difference is that detjy —H(k)] in the integrand of
Eq. (3) is replaced by Discy[H](k). A nonzero quantized
value of v guarantees the stability of DPs against gap
opening. Using Eq. (7) we can identify, in a computation-
ally efficient manner, any stable DP between any pair of
bands [100]. To obtain the doubling theorem for DPs,
we sum over the discriminant numbers of all DPs in
the BZ

S () = é 7({982 dk - V; In Disc[H](k) = 0. (8)

1
k,€BZ

Since the DPs are the only singularities in the integrand of
Eq. (7), the integration paths in this sum can be contin-
uously deformed to the BZ boundary 0BZ, see Fig. 1(b).
Hence, the above sum must vanish and, therefore, the
discriminant number of the DPs must cancel pairwise. This
proves the doubling theorem (1) for DPs.

We note that the topology of DPs formed by two bands
has previously been characterized using the vorticity
invariant [34,50]

1
(kL) = —— Vv E;(k)-E;
vij(kp) 27 Jw) rarg [E;(k) j

(k)] - dk,  (9)
where i and j label the two bands and arg(z) =
—iln(z/|z|). We find, after some algebra [100], that the
discriminant number is equal to the vorticity invariant
summed over all pairs of distinct bands, i.e., v(k}) =
D ik Uij(ké))'

Examples of doubled DPs.—We use two examples to
illustrate the doubling theorem for DPs and to show that
only EPs are generically stable, while NDPs can be
deformed to EPs by arbitrarily small perturbations.

The first example contains two NDPs and is given by the
two-band Hamiltonian

H(k) = < G(()k) F<Ok) > (10)
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(a) ”Re[E] (b) Im[E] (c) ’F’fe[E] (d) ”Im[E]

FIG. 2. The complex energy spectra for the DP examples. (a),
(b) Shows that the Hamiltonian (10) possesses two NDPs, which
are the ends of the branch cut (solid lines). (c¢),(d) Shows that in
the Hamiltonian (11) an EP and a NDP do not connect to any
branch cut, although these points are located at the crossing of the
energy bands (dashed lines).

where F(k)=sin’k, —1sin®k, +2i sin k,sin k, +cos k, — 1
and G(k) = sin k — i sin k + cos k, — 1. The energy

spectrum is E. (k) = +\/F ) and the characteristic
polynomial reads f k) = ( )G (k). From this we
obtain the discriminant DlscE[H} (k) = 4F (k)G (k), which
has zeros at (0,0) and (r,0) corresponding to two NDPs
[104]. Using Eq. (7), we find that these two NDPs have
v = =1, thereby satisfying the doubling theorem. These two
NDPs are end points of a branch cut, demonstrating that
branch cuts do not need to be terminated by EPs as shown in
Figs. 2(a) and 2(b). However, this is an unstable situation,
since the infinitesimally small perturbation oo, turns the
NDPs into EPs.

The second example contains one NDP and one EP and
is described by the following Hamiltonian:

Ak Bk
o= (190 20, (1)

—cosk,+isink, and B(k)=1-sink,.
+A(k) and the characteristic
polynomial reads fp(k) = E* — A%(k), from which we
obtain the discriminant Discy[H](k) = 4A%(k). Solving
for the zeros of the discriminant, we find two DPs located
at (0,+x/2). The DP at (0, —z/2) is an EP with discrimi-
nant number v = —2, while the DP at (0, +7z/2) is a NDP
with v = 42, such that the doubling theorem is satisfied.
We observe that the EP does not terminate a branch cut as
shown in Figs. 2(c) and 2(d), since the spectrum E_ (k) is
single valued in the entire BZ. But this is a fine-tuned
situation, which is destabilized by the infinitesimally small
deformation no,. This perturbation splits the NDP and the
EP each into two EPs with v = +1, which become end
points of branch cuts.

In general, a twofold degenerate EP with v = +£1 is
always a branch cut termination of the energy spectrum (see
the proof in the Supplemental Material [100] and cf. [19]).
From the insights gained by the above examples, we prove
in the Supplemental Material [100] that in two dimensions
NDPs are unstable; i.e., they can be deformed into EPs by
generic perturbations. Furthermore, EPs with |v| > 1 are

where A(k)=1-cosk,
The spectrum is E. (k) =

split into several EPs with |v| = 1 by small perturbations
and, importantly, only EPs with v = £1 are stable.

Doubling theorem for EPs.—Taking together the above
results, we conclude that in two dimensions the only stable
DPs are EPs with v = £1. Allowing for generic perturba-
tions, these EPs must come in pairs with opposite dis-
criminant number v.

Anomalous FPs and EPs at surfaces.—We close this
Letter by discussing anomalous FPs and EPs (or DPs) at
surfaces, which violate the doubling theorems. Surfaces of
3D systems can be viewed, in a sense, as one half of 2D
bulk systems. As a consequence, surfaces can host, in
principle, an odd number of stable FPs or EPs, thereby
breaking the doubling theorems. In the presence of these
anomalous surfaces, the bulk exhibits unusual topological
properties, which depend on the crystalline symmetries.
In this regard, we separately discuss the anomalous physics
with and without the symmetries.

(1) First, we consider a symmetry that relates the top and
bottom surfaces of a given 3D system. For concreteness, let
us consider two surfaces that are related by reflection or
inversion, which act on the two surface Hamiltonians as

Pthop(kxv ky)P;l = Hbot(ikx’ :tky)’ (12)

where P is a unitary operator implementing reflection (+)
or inversion (—). Focusing on surface EPs, we now let
symmetry (12) act on the discriminant number v, Eq. (7).
From this we find that v summed over all EPs at the top
surface is equal to v summed over all EPs at the bottom
surface, i.e.,

> k) =

ki €BZ,,

> vlkp). (13)

kl EBZyy

Hence, as opposed to 3D topological insulators, the
topological charges of the EPs on the top and bottom
surfaces do not cancel. Therefore, there must exist addi-
tional EPs with nonzero v in the 3D bulk that compensate
the nonvanishing sum of the discriminant numbers on the
two surfaces. In fact, since nonzero v is defined in terms of
a line integral, which cannot be deformed to vanish, there
must exist entire lines of EPs in the 3D bulk [105].
Therefore, if there are surface EPs violating the doubling
theorem, the 3D bulk must contain at least one exceptional
line topologically protected by the nonzero discriminant
number. Hence, the entire system contains two exotic non-
Hermitian physics phenomena—anomalous surfaces and
exceptional lines in the bulk [45-50].

By a similar derivation, we can prove the same property
also for surface FPs. That is, if there are surface FPs
violating the doubling theorem in an inversion or reflec-
tion-symmetric system, the bulk must be gapless (no point
gap at the FP energy level) and must have at least one Fermi
line. In the Supplemental Material [100] we present an
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example of a 3D non-Hermitian lattice model, which
exhibits these anomalous surface EPs and FPs together
with bulk Fermi lines and exceptional lines.

(i1) Second, we consider a 3D Hamiltonian without FPs
and EPs in the bulk, which breaks both reflection and
inversion symmetry. We find that the surface of such a
system can still violate the non-Hermitian doubling theo-
rem [106]. In the Supplemental Material [100], we provide
an example of a 3D Hamiltonian with a bulk point gap and
surfaces that violate the FP doubling theorem. Since the top
and bottom surfaces have opposite topological charges, the
FP doubling theorem is only violated for an individual
surface but is satisfied for the entire 3D system. (This is
similar to Hermitian topological gapped systems, for
example, surfaces of 3D topological insulators, which
exhibit single Dirac points, both at the top and the bottom
surfaces, with opposite topological charges [10].) Gapped
bulk systems with such anomalous surfaces exhibit a
nontrivial non-Hermitian topology, which is described
by the 3D winding number [22,55,57,106]. Thus, the
breaking of the non-Hermitian doubling theorem at the
surface allows one to identify the nontrivial topology in
the bulk.

Conclusion.—In summary, we have derived doubling
theorems for FPs and EPs in generic 2D non-Hermitian
lattice Hamiltonians. To derive the doubling theorem for
exceptional points, we have introduced a new topological
invariant, which we call the discriminant number. This
discriminant number endows EPs with a quantized topo-
logical charge. The doubling theorem ensures that a single
EP of first order must be accompanied by another first-
order EP with opposite topological charge as all of the
energy bands are taken into account. We have shown that
2D non-Hermitian Hamiltonians with fine-tuned param-
eters can also exhibit higher-order EPs or nondefective
degeneracy points. These are, however, unstable and can
be removed by arbitrarily small perturbations. Further-
more, we have clarified the relation between EPs and
branch cuts, namely, only twofold degenerate EPs of first
order must necessarily be branch cut terminations. Finally,
we studied anomalous surfaces of 3D bulk systems that
violate the non-Hermitian doubling theorems. In the
presence of inversion or reflection symmetry, this viola-
tion leads to the emergence of topologically protected
Fermi or exceptional lines in the bulk. In the absence of
these symmetries, the bulk is gapped and must exhibit
nontrivial topology.

We thank Chen Fang, Yingyi Huang, and Congcong Le
for the helpful discussions and comments. J. H. is sup-
ported by the Ministry of Science and Technology of
China 973 program (Grant No. 2017YFA0303100),
National Science Foundation of China (Grant No. NSFC-
11888101). J.H. and C.-K.C. are supported by the
Strategic Priority Research Program of the Chinese
Academy of Sciences (Grant No. XDB28000000).

Note added.—Recently, we became aware of a related
preprint [107], which makes use of the discriminant to
classify non-Hermitian Hamiltonians. We also noticed a
relevant study [106], which first proposed a non-Hermitian
model possessing a point gap and surfaces violating the FP
doubling theorem.
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