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A Yu-Shiba-Rusinov (YSR) state is a localized in-gap state induced by a magnetic impurity in a
superconductor. Recent experiments used an STM tip to manipulate the exchange coupling between an Fe
adatom and the FeTe0.55Se0.45 superconductor possessing a Z2 nontrivial band structure with topological
surface states. As the tip moves close to the single Fe adatom, the energy of the in-gap state modulates and
exhibits a zero-energy crossing followed by an unusual return to zero energy, which cannot be understood
by coupling the magnetic impurity to the superconducting topological surface Dirac cone. Here, we
numerically and analytically study the YSR states in superconductors with nontrivial Z2 bands and show
the emergence of the two zero-energy crossings as a function of the exchange coupling between the
magnetic impurity and the bulk states. We analyze the role of the topological surface states and compare in-
gap states to systems with trivial Z2 bands. The spin polarization of the YSR states is further studied for
future experimental measurement.
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A magnetic impurity adatom deposited on a super-
conductor can induce an in-gap bound state, which is
known as a Yu-Shiba-Rusinov (YSR) state [1–3]. It has
been theoretically proposed that the arrangement of the
YSR states on the superconductor surface can lead to
topological superconductor platforms hosting Majorana
zero modes [4–15]. The experimental progress serves as
hints of the Majorana existence [16–19]. Understanding the
fundamentals of the YSR state [20–22] is an important step
toward understanding local excitations in superconductors
and topological superconductivity.
Novel properties of the YSR states have been probed by

a controlled approach of the STM tip to the magnetic FeP
molecules adsorbed on the surface of conventional Pb(111)
superconductors [23]. Modulating the tip distance by chan-
ging the conductance G of the tunnel barrier [Fig. 1(a)] can
directly manipulate the exchange coupling of the magnetic
FeP to the superconductor. Two consecutive zero-energy
crossings were observed with increasing G [23]. Since the
exchange of quasiparticle and quasihole occurs at zero
energy, a zero-energy crossing corresponds to a first-order
quantum phase transition. However, since the distance
between the STM tip and FeP turned out to not be
nonmonotonic [23], the two crossings may correspond to
the same exchange coupling at a single transition. Recently,
magnetic Fe adatoms deposited on the surface of Fe-based
superconductor FeTe0.55Se0.45 were studied by STM using
a similar technique [16]. A zero-energy crossing of the
YSR states with increasing G was observed and accom-
panied by a monotonic decrease in the tip distance d to the
magnetic Fe adatom. Surprisingly, further increasing the

exchange coupling by reducing d causes the YSR states to
reverse trajectories and return to zero energy, in striking
contrast to the expected behavior in conventional super-
conductors [1–3]. The emergence of the zero-energy bound
state as robust against further reduction of dwas interpreted
as evidence for the transition to the quantum anomalous
vortex spontaneously nucleated at magnetic Fe impurities
[4], trapping a vortex Majorana zero mode from the SC
topological surface states [16]. What drives the return of the
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FIG. 1. (a) Schematic setup indicating an Fe adatom on the top
surface of FeTexSe1−x. The STM tip can be moved to approach
the adatom, probing the tunneling current and manipulating the
exchange coupling. (b) Bulk-surface spectrum at ky ¼ 0 for HTI,
showing the presence of the surface Dirac cone inside the Z2

nontrivial TI gap on the (001) surface at m ¼ 2. (c) Spectrum of
HTI of the Z2 trivial insulator at m ¼ 3.3, showing the bulk gap
and the absence of the surface states.
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YSR states to zero energy in a tendency to form a possible
second zero-energy crossing was not understood.
In this Letter, we study the fundamental reason for the

emergence of two zero-energy crossings of the YSR states
as a function of exchange coupling in connection to
FeTe0.55Se0.45. The nontrivial topological physics of
FeTe0.55Se0.45 stems from the surface Dirac cone due to
the topological Z2 bands, which becomes superconducting
(SC) below the bulk Tc and can host Majorana zero modes
in magnetic vortices [24–29]. In the effective surface-only
theory, where the deposited magnetic impurity exchange
couples to the SC Dirac cone exclusively, the in-gap YSR
state exhibits only one zero-energy crossing [30], similar to
the case of conventional superconductors [1–3]. The bulk
physics and the possible emergence of another YSR state
from the topological Z2 bands has not been studied.
We focus on the basic physics of the Z2 nontrivial band

structure, by assuming the effects of the other bulk bands
are small or at high energies. We thus consider a micro-
scopic theory where the impurity spin is exchange coupled
to the 3D Z2 bulk bands, and study the resulting localized
in-gap states at the impurity. This procedure emphasizes
that the interaction of the impurity spin with the topo-
logical surface states originates from its exchange coupl-
ing to the topological nontrivial bulk bands. Moreover, it
captures the possible bulk physics that would be in-
accessible in a surface-only effective model. We numeri-
cally and analytically study the entire 3D system modeled
after FeTe0.55Se0.45 and reveal that the second zero-energy
crossing comes from the bulk physics. We study and
propose spin-polarized STM as a probe to distinguish
the two zero-energy crossings.
We start with the Hamiltonian in momentum space

describing a 3D strong topological insulator (TI) [31]

HTIðkÞ ¼ νFMðkÞρzσ0 − μρ0σ0 þ vF sin kxaρxσx

þ vF sin kyaρxσy þ vF sin kzaρxσz; ð1Þ

where MðkÞ ¼ −mþ cos kxaþ cos kya − cos kza and
the Pauli matrices σα and ρβ act in the spin and orbital
space, respectively. Based on the experimental measure-
ments [25,26], we choose the Fermi velocity vF ¼
25 nmmeV=a, wave vector kF ¼ 0.2 nm−1, and the chemi-
cal potential μ ¼ vF=kF ¼ 5 meV. For simplicity, we
consider a simple cubic lattice and choose the lattice
constant a ¼ 1 nm in all directions (cf. [32]). Note that
at m ¼ 3, the bulk gap closes at Z point describing a bulk
topological phase transition for FeTe0.55Se0.45. We there-
fore use m ¼ 2 to describe the Z2 nontrivial bands where
the surface Dirac cone emerges and maximally localizes
on the surface, as shown in the bulk-surface spectrum in
Fig. 1(b). The neutral point of the Dirac cone is located at
Γ̄∶ð0; 0Þ in the (001) surface BZ, which is consistent with
FeTexSe1−x. For comparison, we will also study the Z2

trivial bands at m ¼ 3.3 shown in Fig. 1(c) where the

gapless surface spectrum is absent. The superconducting
topological surface states, as observed in FeTe0.55Se0.45,
can be generated by introducing bulk s-wave supercon-
ductivity. The TI Hamiltonian is thus extended to the
Bogoliubov-de Gennes (BdG) Hamiltonian

H0
BdG ¼

�
HTIðkÞ −iΔ0ρ0σy

iΔ0ρ0σy −H�
TIð−kÞ

�
; ð2Þ

where the value of the SC gap, Δ0 ¼ 1.8 meV, has been
measured experimentally [25–27,33] and is used through-
out the Letter.
We position the Fe adatom at the center of the (001)

surface as shown in Fig. 1(a). An exchange coupling to the
Z2 bands is induced at the center of the top surface, denoted
as rtop ≡ 0. Since the lattice translation symmetry is broken,
it is necessary to rewrite the BdG Hamiltonian in the real
space

ĤBdG ¼
X
r

ð c†r cr Þ
�

H0ðmÞ −iΔ0ρ0σy

iΔ0ρ0σy −H�
0ðmÞ

��
cr
c†r

�

þ
X
r;δ

ð c†r cr Þ
�
HnnðδÞ 0

0 −H�
nnðδÞ

�� crþδ

c†rþδ

�
;

ð3Þ

where the on-site part H0ðmÞ ¼ vFmρzσ0 − μρoσ0 þ
Mzρ0σzδðr − rtopÞ contains the spin exchange coupling
Mz taken to be along the z direction first. Here we assume
each orbital has the same strength exchange coupling and
the Supplemental Material [34] shows the simulation for
different orbital strengths. In the nearest neighbor hopping
part, δ ¼ �ax̂;�aŷ;�aẑ indicates the three directions of
the hopping, and Hnnð�an̂Þ ¼ −vFρzσ0=2� ivFρxσn=2
for n ¼ x, y, z.
Since the YSR state is localized on the top surface, the

surface size (LxLya2) and the number of layers Lz in the
z direction do not significantly affect this in-gap bound
state. Hence, we choose Lx ¼ Ly ¼ 80 and Lz ¼ 5 for the
following simulations. By performing the Lanczos algo-
rithm, we find states ΨjðrÞ ¼ ½ujðrÞ; vjðrÞ� within and near
the SC gap. Figure 2(a) shows the evolution of the lowest
energy eigenstates as the exchange coupling Mz increases
from 0. The trajectories within the superconductor gap
(1.8 meV) correspond to those of the YSR states localized
near the Fe adatom, which indeed exhibit two zero-energy
crossings. Figure 2(b) shows the LDOS at the adatom
(r ¼ 0) given by

Nðr; EÞ ¼
X
Ej<0

� jujðrÞj2
cosh2½βðE − EjÞ�

þ jvjðrÞj2
cosh2½βðEþ EjÞ�

�

and 1=β ¼ kBT ¼ 0.05 meV. The spin-resolved LDOS
(N↑; N↓) can be computed by selecting the designated
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spin part. The normalized spin-polarized (SP) LDOS Np ¼
ðN↑ − N↓Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N↑ þ N↓

p
is plotted in Fig. 2(c) at r ¼ 0.

Starting from the weak exchange coupling Mz, the LDOS
of the YSR states exhibits particle-hole symmetric peak
energy positions but with asymmetric spectral intensity
[Fig. 2(b)]. Figure 2(c) shows that the highest peak, which
is spin-down polarized at positive energy, is much higher
than the spin-up polarized second highest peak at negative
energy. As Mz increases, these two peaks move close to
each other and then cross the Fermi level at zero energy. As
the main peak continues to move toward −Δ0, the second
peak moves toward Δ0.
Surprisingly, contrary to the expected behavior where the

two peaks merge into the continuum at �Δ0 with further
increasing of the exchange coupling, another YSR state
emerges from the continuum and the two distinct YSR
states form an energy crossing just inside the SC gap as
shown in the inset in Fig. 2(a). Moreover, the newly
emerged YSR state in Fig. 2(c) an opposite spin polariza-
tion such that the main peak becomes spin-up polarized and
moves from −Δ0 to Δ0 with increasedMz as can be seen in
Fig. 2(b), while the spin-down polarized second peak
moves in the opposite direction. This creates a remarkable
second zero-energy crossing in the trajectories of the YSR
states displayed in Fig. 2. The Supplemental Material [34]
shows the spatial line cuts at the two crossings. Figure 2
shows that the crossings are located at Mc1

z ¼ 61 meV
and Mc2

z ¼ 97 meV, which are close to the estimated
exchange coupling from the neutron scattering experiments
(∼70 meV [35]).
The presence of two zero-energy crossings hints at the

new physics of the YSR states in superconductors with

topological Z2 bands that is beyond the description by only
the SC surface Dirac cone [30]. To understand the physical
origin of the two zero-energy crossings, we include the in-
plane exchange couplings (Mx, My) and rewrite the real-
space BdG Hamiltonian (3) in momentum space by
introducing the Pauli matrices τα acting in the particle-
hole sector,

HBdG ¼ vFMτzρ0σ0 þ vF sin kxτ0ρxσx þ vF sin kyτzρxσy

þ vF sin kzτ0ρxσz þ Δ0τyρ0σy

þ δðrÞðMxτzρ0σx þMyτ0ρ0σy þMzτzρ0σzÞ; ð4Þ

where the chemical potential μ has been set to zero for
simplicity. Note that HBdG has an emergent symmetry and
commutes with the operator P ¼ τyρyσy. As a result, the
Hamiltonian can be block diagonalized under the unitary
transformation H̄BdG ¼ diagðHþ; H−Þ [34], where

H�ðkÞ ¼∓ vFMρyσy þ vF sin kxρ0σx − vF sin kyρzσy

∓ vF sin kzρxσy � Δ0ρ0σz

þ δðrÞð�Mxρyσ0 �Myρxσz −MzρzσzÞ: ð5Þ

First, we only consider the out-of-plane exchange coupling
(Mx ¼ My ¼ 0). The numerical result in Fig. 3 shows that
the YSR states still exhibit two zero-energy crossings as a
function of Mz in this case. Intriguingly, Fig. 3(a) reveals
that the two crossings respectively stem from the two
different Hamiltonian blocks H�. Furthermore, while the
spin polarizations of the YSR states in Fig. 3(c) are similar
to those at μ ¼ 5 meV displayed in Fig. 2(b), the spectral
weights of the LDOS peaks are different and appear
perfectly particle-hole symmetric as shown in Fig. 3(b).
This additional symmetry originates from the fact that P

(b) (c)(a)

FIG. 2. Evolution of the YSR states with increasing exchange
coupling (μ ¼ 5 meV, m ¼ 2, and Mx ¼ My ¼ 0). (a) Spectrum
of the in-gap states, showing that YSR states pass through zero-
energy twice. The inset shows that the crossing near the gap edge
is formed by the first YSR state moving up and a new YSR state
moving down in energy. (b) At nonzero exchange couplings, the
intensity of the YRS state in the LDOS N breaks particle-hole
symmetry. The coherence peaks associated with the SC gap
cannot be seen clearly due to the dominating spectral weight of
the YSR states. (c) The normalized spin-resolved LDOS Np. The
highest peak is spin-down polarized at small to moderateMz, and
another main YSR peak with spin-up polarization moves from
−Δ0 to Δ0.

(a) (b) (c)

FIG. 3. Evolution of the YSR states at zero chemical potential
(μ ¼ 0, m ¼ 2, and Mx ¼ My ¼ 0). (a) Spectra of the two
decoupled Hamiltonian blocks are separately represented by blue
lines (Hþ) and red lines (H−). Each block contributes one zero-
energy crossing forMz > 0. (b) LDOS shows the spectral weight
of the YSR states are perfectly particle-hole symmetric.
(c) SP-LDOS shares similar features to the case at μ ¼ 5 meV.
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connects particle and hole wave functions and in the
eigenbasis of P, ju↑j2 þ ju↓j2 ¼ jv↑j2 þ jv↓j2.
The block-diagonal Hamiltonian Hþ and H− can be

identified as partners of an effective time reversal symmetry
T. This amounts to

ρzσyH�þð−k;−MzÞρzσy ¼ H−ðk;MzÞ ð6Þ

such that the YSR state generated by Mz in Hþ can be
easily transformed to the one generated by −Mz in H−. In
the Supplemental Material [34], we take the continuum
limit ofH� and provide an approximate, but rather general,
analytical solution of the critical exchange couplings for the
zero-energy crossings. For our topological Z2 bands at
m ¼ 2, the zero-energy YSR states appear for H� at

M�
z;α ¼ � ð−1Þα−14πv2F

Δ0 ln½1þ Λ2v2F
Δ2

0
þð1−αÞv2F

�
; α ¼ 1; 2; ð7Þ

where Λ is the momentum cutoff. The order of the
exchange couplings corresponding to the zero-energy
crossings is given by Mþ

z;2 < M−
z;1 < 0 < Mþ

z;1 < M−
z;2.

This analytic solution shows that there are two zero-energy
crossings for each impurity polarization direction, i.e., each
sign of Mz, and for Mz > 0 the first (second) crossing
belongs to Hþ (H−), which are consistent with the
simulation results shown in Fig. 3.
Since the YSR states are localized at the Fe adatom on

the top surface, additional insights can be gained from the
analytical solution. At m ¼ 2 and on the top surface, the
first 2 × 2 blocks of Hþ and H−, which are separately
isolated, represent the physics of the SC surface Dirac cone
and lead to the zero-energy YSR state at Mþ

z;1 > 0 and
M−

z;1 < 0 [34]. This part corresponds to what is captured in
an effective theory with the SC topological surface Dirac
cone alone [30]. The second zero-energy crossing at
M−

z;2 > 0 and Mþ
z;2 < 0 emerges from the remaining block

of the Hamiltonian and involves the coupling of the
magnetic impurity to the bulk bands at the surface. This
is ultimately related to the strongly spin-orbit coupled two-
orbitals of the nontrivial Z2 band structure with band
inversion. We have verified that the two zero-energy
crossings of the YSR states as a function of the exchange
coupling remain robust when the Fermi level crosses the
bulk band [34]. For completeness, we have studied the
model at m ¼ 3.3 [Fig. 1(c)], where the Z2 bands are
topologically trivial with the absence of band inversion and
Dirac cone surface states, and found very different behav-
iors both numerically and analytically [34]. Unlike YSR
states with a particle or hole counterpart, as the chemical
potential is adjusted within the bulk gap in the trivial
platform, the in-gap states are localized magnetic states
without a particle or hole counterpart. These states still
exhibit the two artificial zero-energy crossings in the BdG

Hamiltonian and the Z2 index only affects the physical
form of the in-gap states.
To show that the origin of the two zero-energy crossings

stems from the two orbitals, let’s consider the limit where
the exchange couplingMz from a single magnetic impurity
goes to þ∞. In this limit, the total angular momentum (Jz)
in the z direction must be reduced by 2 × ℏ=2 due to the
spin flip in the two orbitals, compared to the system without
the magnetic impurity. As discussed in the Supplemental
Material [34], each zero-energy crossing leads to a −ℏ=2
change in the angular momentum. Thus, there must be two
zero-energy crossings.
We have studied the physics of the YSR states induced

by a magnetic impurity in s-wave superconductors with
topological nontrivial Z2 bands. Our findings of two YSR
states that evolve with exchange coupling and exhibit two
zero-energy crossings are consistent with the experimental
observations at the Fe adatoms deposited on the surface of
FeTe0.55Se0.45 superconductors [16]. A closer comparison
reveals that after the first zero-energy crossing, in the
experiment [16] the energy of the YSR state remains in
the SC gap away from the continuum, which deviates from
the behavior shown in Fig. 2(a), where the inset displays the
two YSR states crossing each other without hybridization
at the gap edge. We argue that the absence of the YSR
crossing is due to the canting of the magnetic moment of
the Fe adatom away from the z direction, which induces an
important in-plane component of the exchange coupling
(Mx, My). In Fig. 4, we show the evolution of the YSR
states induced by the exchange coupling Mxτzρ0σx along
the x direction, while other parameters are the same as in
Fig. 2. Figures 4(a) and 4(b) show that after the first
crossing, the energy of the YSR state stays inside the SC
gap and forms the second crossing, as the exchange
coupling increases. Thus, the exchange coupling in the

(a) (b) (c)

FIG. 4. Evolution of the YSR states with in-plane exchange
couplingMx (μ¼5meV,m ¼ 2, andMy ¼ Mz ¼ 0). (a) Between
the two zero-energy crossings, the YSR states evolve inside the
SC gap with increasing Mx. (b) LDOS at the magnetic impurity
showing the spectral weight of the YSR states. A square root
scale bar is used to reveal the small particle-hole counterpart of
the peak. (c) SP-LDOS showing the YSR state changes from
spin-left (−x) to spin-right (þx) polarization after bending back.
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in-plane direction brings consistency with the experiments.
The reason is that the in-plane exchange coupling Mx and
finite chemical potential μ ≠ 0 [34] lead to the hybridiza-
tion of the two YSR states so that the crossing point at the
finite energy in the inset in Fig. 2(a) is gapped and the new
YRS state bends back to form the second zero-energy
crossing. The agreement further supports the experimental
observed evolution of the in-gap states as the novel YSR
states in a superconductor with a topological nontrivial Z2

band structure.
We considered only the already challenging vortex-free

solution and found that the YSR bound states generically
exhibit two zero-energy crossings with increasing
exchange coupling. The predicted second crossing at a
larger exchange coupling is not seen experimentally [16],
but replaced instead by the coalescing of YSR states at
zero energy and the pinning of the zero-energy bound
states with further increasing of the exchange coupling.
This discrepancy indicates that increasing the normal state
conductance, the experiments observed a transition out of
the vortex-free YSR states, and mostly likely into a
quantum anomalous vortex state [4] hosting a Majorana
zero mode.
Our findings also shed light on the experimental

detection of the YSR states using spin-polarized STM.
In the experiment using spin-polarized STM, but without
pushing the tip closer to the Fe adatoms [36], the
exchange coupling of the Fe magnetic moment may
not be strong enough to cause the YSR state to pass
through the first crossing. Therefore, the highest peak of
the LDOS inside the SC gap has spin-down polarization
and appears at a positive energy, while the second-highest
peak with spin-up polarization is located at the opposite
negative energy. In reality, the STM tip is not 100%
polarized (the polarization is presumably less 10%). Even
if the LDOS peaks are 100% polarized, the spin-polarized
STM tip may pick up only a small difference between the
two spins directions, which may be responsible for the
current experimental observation. Our findings suggest
that the spin-polarized STM tip can be used to distinguish
the two energy crossings as the tip distance is reduced.
As shown in Fig. 2(c), the main peak near the first
crossing is spin-down polarized, while it becomes spin-up
polarized near the second crossing. A spin check in the
future can confirm the monotonically increasing exchange
coupling with the decreasing tip distance [16]. Finally, the
recent ultrahigh-resolution STM experiments show multi-
ple YSR states inside the SC gap of FeTe0.55Se0.45 [37].
Our results hint at the emergence of multiple YSR states
from additional bulk bands derived from other atomic
orbitals.
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